
DOCUMENT RESUME

ED 069 624 TM 001 108

AUTHOR Livingston, Samuel A.
TITLE A Classical Test-Theory Approach to

Criterion-Referenced Tests.
PUB DATE 72
NOTE 12p.; Paper presented at the annual meeting of the

American .Educational Research Association (Chicago,
Iii., April, 1972)

EDRS PRICE MF-$0.65 HC-$3.29
DESCRIPTORS *Criterion Referenced Tests; *Tests; *Theories

ABSTRACT
A criterion-referenced test is defined in this paper

as any test for which the test user wants to compare each student's
score not with the mean of some group, but with a specified criterion
score, which does not depend on the scores the students actually
obtain on the test. This definition, it is pointed out, implies that
all the items on the test must measure the same thing. A classical
test theory for criterion-referenced tests is derived.



U.S. DEPARTMENT OF HEALTH,
EDUCATION 8 WELFARE
OFFICE OF EDUCATION

THIS DOCUMENT HAS BEEH REPRO.

DUCED E,''ACTLY AS RECEIVED FROM

THE PERSON OR ORGANIZATION ORIG.

INATING IT. POINTS Of VIEW OR OPIN
IONS STATED DO NOT NECESSARILY
REPRESENT OFFICIAL OFFICE. OF EDU
CATION POSITION CR PO! ICY.

AERA7NCHE 1972

A CLASSICAL TEST - THEORY APPROACH
TO CRITERION-REFERENCED TESTS

Samuel A. Livingston

Center for Social Organization of Schools

The Johns Hopkins University



The term "criterion-referenced test" has been defined in a number of

different ways. The definition I propose is one that is broad enough to

include all tests '.sat would be included by most of the other definitions.

According to this deiinition, a criterion-referenced test is any test for

which the t...st user wants to compare each student's score not with the mean

of some group, but with a specified criterion score, which does not depend

on the scores the students actually obtain on the test. The mean score of

the group being tested might fall far below the criterion score, or far

above it, or anywhere in between. If the mean score of the group happened to

fall exactly at the criterion score, then our criterion-referenced test would

have all the statistical properties of a norm-referenced test--but of course

this would be a coincidence. that would not happen very often.

This definitio4 implies that all the items on the test must measure

the same thing--otherwise it makes no sense to 'specify a aingle criterion

score. If the test user is interested in measuring specific behaviors, all

the items on the test must measure the same specific behavior. What con-

stitutes a specific behavior is a question that the test user must answer

for himself. For one test user it might be "solving arithmetic computation

problems;" for another it might be "solving multiplication problems; for

another it might be "solving multiplication problems with a three-digit

multiplicand and a two-digit multiplier, with zero in the tens position of

the multiplicand;" and so on.

Once we have decided that we have a test made up of items that all

measure the same thing, then we can apply the classical test theory

model. We assume that each student's score on the test consists of two com--
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ponents: his true score, plus an error of measurement. Errors of measure-

ment have an expected value of zero and do not correlate with true scores

or with other errors of measurement. We also define the criterion score for

the sum of two tests to be the sum of the two criterion scores.

criterion-referenced

Because theAest user is interested in comparing each student's score

not with the group mean, but with the criterion score, we will have to revise

some basic concepts. Variance, covariance, and correlation are all based on

deviations from the mean, not from a criterion score--but we can easily de-

fine similar concepts based on deviations from the criterion score. These

concepts are listed in. Table I. For want of any better termm, I call them

the mean squared deviation, the mean product of deviations, and the criterion-

referenced correlation coefficient. The standard error of measurement is

listed here to emphasize the fact that it is not redefined; the standard error

of measurement is the same for a criterion-referenced test as for a norm-ref-

enced test.

Starting with these definitions and assumptions, we can derive classi-

cal test theory for criterion-referenced tests. Some of the results are

listed in Table 2. As you might expect, both the derivations and the results

are very similar to those for conventional norm-referenced classical test

theory. Notice that the criterion-referenced reliability coefficient can be

expressed as a ratio of mean squared deviations, just as the norm-referenced

reliability coefficient can be expressed as a ratio of variances. Also notice

that the Spearman-Brown formula, which relates reliability to test length,

works exactly the same way for criterion-referenced tests as it does for norm-

referenced.



Table 3 shows some formulas for expressing criterion-referenced indices

in terms of norm-referenced indices. If a test user knows the norm-referehced

reliability of his test, he can compute the criterion-referenced reliability.

You can see from the formulas that the criterior-referenced reliability coeffi-

cient behaves the way we.wculd expect a reliability coefficient to behave. As

the variance of true scores increases, reliability increases. As the error

variance increases, reliability decreases.

However, the criterion-referenced reliability coefficient also has some

special properties of its own. Notice that a set of scores can have zero true

variance and still have positive criterion-referenced reliability. In fact,

a group of students randomly guessing at all the items would probably produce

a set of scores with very high criterion-referenced reliability. In this

case, the high reliability would mean that we can be quite confident that these

students all have true scores below the criterion score.

Another important property of a criterion-referenced reliability coeffi-

cient is that its size depends on the distance between the criterion score and

the mean score-- the (fix C
x
) term in the formula. The larger this

difference--that is, the farther from the criterion score the group mean score

happens to fall--the greater the reliability of the test. The reliability of

the test is at its lowest when the group mean score happens to fall exactly at the

criterion score. And when it does, the (14
x

- C
x
) term becomes equal to zero,

and the criterion-referenced reliability of the test equals its norm-referenced

reliability. Therefore, the criterion-referenced reliability of a test can

never be lower than its norm-referenced reliability and will usually be higher..,



Figure 1 shows that the relationship between criterion-referenced re-

liability and norm-referenced reliability is linear, when the difference be-

tween the mean and the criterion score IA held constant. Figure 2 shows how

criterion-referenced reliability depends on this difference; here the norm-

referenced reliability has been held constant. You can see that the curves

in Figure 2 rise fastest at about one -half sigma. This is where a change

in the mean or the criterion score will have the greatest effect on relia-

bility--when the mean is about half a standard deviation from the criterion

score.

So far, I have talked mainly about the reliability of criterion-re

ferenced tests, but said very little about their validity. I believe that

the validity of criterion-referenced tests can be established in the same

way as the validity of norm-referenced tests. The technique I would favor

is the multitrait-multimethod matrix suggested by Campbell and Fiske (1959).

The only change we have to make is that when we are validating criterion-

referenced tests, the correlations that we put into our matrix must be cri-

terion-referenced correlations. This is an important difference, because

it is possible for two tests which are uncorrelated, by conventional norm-.

referenced standards, to have a high criterion-referenced correlation. The

reason is that a student who scores above the group mean on one test and below

the group mean on the other test may have scored well above the criterion score

on both tests.

Figure 3 illustrates this fact. In this example, test X and test Y

are different criterion-referenced tests which are supposed to measure

the same thing. They are not. necessarily parallel tests; in fact, if this

correlation part of a validation study, they should not be parallel.



You can see that the norm-referenced correlation between X and Y is about zero;

a student who scores high on one test, in relation to the group mean, is not

especially likely to score high on the other test, in relation to the group.

mean. But a student who scores high in relation to the criterion score on one

test is likely to score high in relation to, the criterion score on the other

test. Since most of the students in this group have scored high in relation to

the criterion score on both tests, the two tests have a high positive criterion-

referenced correlation.

It is also possible for two tests which correlate positively in the

norm-referenced sense to have a criterion-referenced correlation which is

negative. Figure 4 illustrates this situation. The criterion-referenced

correlation is negative because many students who scored above criterion

level on test X scored below criterion level on test Y.

What these examples show is that the criterion-referenced correlation

between two tests depends heavily on the difficulty of the tests for the

gioup of students being tested. Two tests can have a high criterion-refer-

enced correlation only if they are of similar difficulty - a difficult math

test would probably correlate more highly with a difficult reading test than

with an easy math test. That may sound surprising to someone who is used to

thinking in norm-referenced terms, but what it means is that if a student scores

below criterion level on the difficult math-test , he will probably score below

criterion level on the difficult reading Lest, while he may b2 well above

criterion level on the easy math test. Of course, the terms "difficult"

and "easy" really refer to the students' level of proficiency in the skill

that is being tested. A criterion-referenced test is "difficult" for a group



of students if the criterion score represents a higher level of proficiency

than most of the students have attained.

Why is it meaningful or useful to define a correlation that depends

heavily on the choice of criterion scores? The reason is that when we use

a criterion-referenced test, we are asking a question about the students'

performance in relation to a particular criterion score. If we use the

same set of items with a different criterion score, then we are asking

a different question.



Norm-referenced

Mean:

Variance:

17
2
(X) i(Xi

Table 1. Basic concepts.

Criterion- referenced

Criterion score:

Mean squared deviation:

2(X)
2

D (X) =Gi(Xi - Cx)

Covariance: Mean product of deviations:

a- (X ,Y) (X /43c) (Y1 /Ay ) D(X,Y) = ei(xi - cx)(yi - Cy)

Correlation:

?(X,Y)
or(x,Y)

3/0-2(x)
o2(Y)

Criterion-referenced correlation:

k(X,Y) =
D(X,Y)

iD2(X) D2( Y)

Standard error of measurement: Standard error of measurement:

Cr(Ex) =7/Ei(Xi - Tx) cr(Ex) =ltj(Xj - Tx)

Note: e indicates the expected value.



Table 2. Important theorems.

Norm-referenced Criterion-referenced

Variance components

0-200 °A7(Tx +0.2(Ex)
D2(X) = D2(T +,11.2(ED2(Tx) x

Covariance of true scores

Cr(X,Y ) = cl(Tx,Ty) D(X,Y) D(Tx,Ty)

Reliability

I°

2
X,Tx = P(X,X' ) k

2
X1Tx = k(X1X')

cr2
2

(Tx) D (Tx)

0.2(x) D2(X)

2

Spearman-Brown formula
(where Y has n times as many items as X

,
nio

2
(X,Tx) n k

2
(X,Tx)

k2(Y,T ) =
Y 1 + (n - 1) k2(X,Tx)1 + (n 1) P2(X T )

x

Correction for attenuation

erx,Ty) = 2(
(X Tx)

p

9

k(Tx,Ty) =
k(X,Y)

2 2
(X,Tx) k (Y,Ty)



Table 3. Conversion formulas.

Mean squared deviation:

D2(X)
c.2(x)

Mean product of deviat..ons:

D(X,Y) .cr(x,y) + (4 -

Criterion-referenced reliability coefficient:

?2(X T
2(x) C2

2 x x)
k (X ,TX) =

2cr (X) + (/1 - Cx)2

tr2(T ) +x

O'2(X) + - Cx)
2

200 (4 Cx)
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